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Abstract: I describe extended gradings of open topological field theories in two di- 
mensions in terms of skew categories, proving a result which alows one to translate 
between the formalism of graded open 2d TFTs and equivariant cyclic categories. As 
an application of this formalism, I describe the open 2d TFT of graded D-branes in 
Landau- Ginzburg models in terms of an equivariant cyclic structure on the triangulated 
category of 'graded matrix factorizations' introduced by Orlov. This leads to a specific 
conjecture for the Serre functor on the latter, which generalizes results known from the 
minimal and Calabi-Yau cases. I also give a description of the open 2d TFT of such 
models which manifestly displays full grading induced by the vector-axial R-symmetry 
group. 
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Introduction 

In open topological string models, the space of boundary or boundary condition chang- 
ing observables is generically Z2-graded. In certain cases this grading extends to a 
larger Abelian group G, such as the group of characters of the surviving vector and 
axial R-symmetry of the worldsheet model. In such theories, the category Q of bound- 
ary sectors is G-graded, and the general formalism of two-dimensional open topological 
field theories [1, 2] must be enriched to account for this supplementary structure. 

A basic technical device in the study of open 2d TFTs is the idea of reduction to an 
ungraded category, which is implicit in most studies of homological mirror symmetry. 
This reduces the structure of [1, 2] to a subset of the usual theory of Serre functors 
[3] . Such a reduction is possible provided that the graded category of boundary sectors 
admits sufficient symmetries which allow one to trade in the grading for an action on 
the collection of objects. In the generic, Z2-graded case, this translates the structure 
of [1] into a Calabi-Yau category whose shift functor squares to the identity. A similar 
relation exists when the open 2d TFT is Z^^-gradcd, the corresponding object being a 
Calabi-Yau category whose shift functor has order uj. Finally, a Z-gradcd open 2d TFT 
corresponds to a Calabi-Yau category whose shift functor generates a Z-subgroup of 
the automorphism group. 

When working with extended gradings by larger Abelian groups G, this point of 
view leads to the theory of categories endowed with a group action, and their skew 
categories [4] . In this paper, I discuss the general framework allowing for such a reduc- 
tion, giving a precise relation between the physics description in terms of a G-graded 
category endowed with natural and nondegenerate traces and a more familiar mathe- 
matical description in terms of 'equivariant cyclic categories', i.e. ungraded categories 
endowed with an (Abelian) group action and a special type of Serre functor. This 
leads to a reconstruction result which allows one to recover the physics description 
from more traditional mathematical data. When the group G is sufficiently large, this 
result shows how the formahsm of [1, 2] can produce non-Calabi-Yau categories. As 
an application, I give a complete treatment of grading issues for the case of topological 
Landau- Ginzburg models, refining previous discussion of such theories. 

A common example of extended grading in open 2d TFTs arises from open sigma 
models which admit an unbroken subgroup F of vector and axial R-symmetrics. In 
this situation, the category Q of boundary sectors admits a grading by the Abelian 
group of characters G = (F/Fo)*, where Fq is the trivially acting subgroup. The 
main application considered in this paper concerns B-type topological Landau- Ginzburg 
models with target C" and bulk superpotential W, whose D-branes were constructed in 
[5, 6, 7, 8, 9]. Using the normalization in which vector R-charges are integral, the bulk 
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superpotential preserves the full worldsheet U{l)v R-symmetry provided that it is a 
homogeneous polynomial of the bulk superfields, whose degree we denote by h — degW. 
The model also admits an axial R-symmetry, which is broken to a Z2 subgroup by 
the bulk superpotential. This is responsible for the appearance of supermodules in 
the description of [5, 6, 7, 8] and gives an unbroken total R-symmetry group F = 
X Z2. It turns out that the grading group G depends on the parity of h. In 
fact, direct analysis of the worldsheet shows that the trivially acting subgroup Tq is 
trivial for even h and isomorphic to Z2 for odd h. As a consequence, G equals Z x Z2 
or Z, depending on the parity of h. Taking this fact into account, one finds that the 
category of 'graded D-branes' (i.e. those B-type branes which preserve the full vector R- 
symmetry) is most conveniently described as the category of finitely generated G-graded 
integrable modules over a curved differential graded algebra with trivial differential. 
This simplifies the more traditional description in terms of matrix factorizations, and 
allows one to give a complete construction of the differential graded category underlying 
graded D-branes, in a formulation which explicitly displays the worldsheet symmetry 
of the model. The formulation used in this paper is a Landau-Ginzburg extension of 
the approach through graded superconnections of total degree one used in [13, 14, 15, 
16, 17, 18, 19, 20] for B-type branes on Calabi-Yau manifolds. 

Using this description, one finds that the resulting open 2d TFT is described by a 
'G-graded category with shifts', whose shift functors are compatible with the invariant 
traces. Restricting to morphisms of trivial degree gives an equivalent description in 
terms of a C-equivariant cyclic structure on the triangulated category of graded matrix 
factorizations constructed in [10]. In particular, wc find that the traces of [5] lead 
to a precise conjecture for a Serre functor on this triangulated category. Finally, the 
correspondence result mentioned above allows one to recover the full open 2d TFT 
from this triangulated category, provided that the latter is considered together with 
this Serre functor. 

The paper is organized as follows. In Section 1, we discuss the mathematical notion 
of open 2d TFTs with extended grading, and explain how examples of such gradings 
arise from worldsheet R-symmetries. In Section 2, we discuss the special case of 'graded 
open 2d TFTs with shifts', which allows for an equivalent description in terms of un- 
graded categories endowed with an equivariant cyclic structure. After developing some 
mathematical machinery, we give a result which translates between the two descrip- 
tions. This gives a precise relation between the nondcgcncrate traces required by the 
physics formalism and the usual theory of Serre functors [3]. Section 3 discusses dG 
categories with extended grading, focusing on the example of integrable modules with 
extended grading over a curved dGA, which is relevant for Landau-Ginzburg models. 
In Section 4, we apply this machinery to the case of Landau-Ginzburg models with 
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target C*. Using the worldsheet analysis Appendix B, we show that graded matrix 
factorizations can be described as the G-graded dG category of integrable modules 
over a curved differential graded algebra, whose total cohomology category recovers 
the desired G-graded open 2d TFT with shifts. After giving the precise homogeneity 
property of the traces, we use the general correspondence of Section 2 to extract a 
conjecture for the Scrrc functor on the triangulated category of matrix factorizations, 
and check it against known results in the Calabi-Yau and minimal model case [11, 12]. 
This fills in a gap in the relation between the mathematical analysis of [10] and the 
physical description of open 2d TFTs. Appendix A contains a general discussion of 
equivariant Serre functors, while Appendix B gives the worldsheet analysis which leads 
to the description used in Section 4. 

1. Graded open topological field theories in two dimensions 

It was shown in [1, 2] that the boundary sector of a topological field theory in two 
dimensions is encoded by category-theoretic data, which can be viewed as an abstract 
definition of the notion of open 2d topological field theory (TFT). As shown in loc. cit., 
such a theory is described by a Hom-finitc^ C-catcgory Q, whose objects are the bound- 
ary sectors, and whose morphisms are the boundary/boundary condition changing ob- 
servables; the morphism compositions correspond to the product of such observables. A 
distinguishing feature of such theories is the existence of nondegenerate invariant linear 
maps tr (J : Homg(a, a) — > C, which arise from the two-point functions on the disk. In 
the generic case, the category Q is Z2-graded, while the traces are graded-symmetric 
and Z2-homogeneous of a common degree which is a characteristic of the model. 

It is often the case that Q carries a grading by some larger Abelian group G, which 
we will write in additive notation. The traces of such models are homogeneous of some 
common degree — k G G, and must satisfy a graded- symmetry condition whose signs 
involve a group morphism e : G Z2. In fact, G can be viewed as an extension of Z2 
by the kernel of e. To capture this, the formahsm of [1, 2] can be enhanced as follows. 
Recall that a C-category Q is called G-graded if we are given direct sum decompositions: 

Homg(a, b) = ©gec Hom^(a, b) (1.1) 

for all a, 6 e Ob^ such the following conditions are satisfied: 

1) We have ido e Homg(a, a) for all objects a of Q. 

2) We have Homg(6, c) o Homg(a, 6) C Romg'^^ {a, c) for all objects a,b,c and all 
g,heG. 

^Recall that Q is called Hom-finite if dime Homg(a, 6) < 00 for all a,b £ OhQ. 
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Given u G Homg(a, b), we set degu := g. Then models with a boundary space grading 
by G can be described as follows: 

Definition Let G be an Abelian group, e : G — Z2 a group morphism and k E G 
an element of G. A graded open 2d TFT of type (G, /t, e) is a pair tr ) where Q is 
a Hom-finite G-graded C-category and tr is a family of maps tra : Homg;(a, a) — >• C 
defined for all a G Ob^, such that: 

(1) The following selection rule is satisfied for any homogeneous u G Homg;(a, a): 

tra{u) — Q unless degu — K . (1.2) 

(2) The following conditions are satisfied for all a, 6 G Ob^: 

iraivu) = {-iy^'^''^'"^''^'^^^'"hr b{uv) V homogeneous u G Hom^(a,6) and v G Homg(6, a) 

(1.3) 

(3) For any objects a, 6 of ^ and any u G Homg(a,6), the following implication 
holds: 

tTaivu)^0 Vt" G Hom0(6, a) =^ w = . (1.4) 

Trivial examples are provided by generic open 2d TFTs, with G — 1^2 and e — idz^. 
More complicated models arise by considering an extended worldsheet symmetry group 
r which is preserved by the boundary conditions corresponding to the objects of Q. 
Then F acts on the spaces of boundary and boundary condition-changing observables, 
i.e. it acts by automorphisms of Q which fix all of its objects. If Fq is the trivially acting 
subgroup, we have representations of F/Fq on the vector spaces Homg(a,6). Thus we 
can view ^ as a C[F/Fo] -category, where C[F/Fo] is the group algebra of F/Fq. This 
means that Homg;(a, 6) are C[F/Fo] -modules and the compositions of Q are C[F/Fo]- 
linear. Since the quotient group F/Fq is Abelian, the spaces Homg(a,6) decompose 
into one-dimensional irreducible representations, which can be collated together to 
give decompositions (1.1), where the grading group G :— (F/Fq)* is the character 
group (Pontryaghin dual) of F/Fq. Compatibility of the representations with morphism 
compositions translates into relations 2) above. On the other hand, the traces satisfy 
(1.2), where k G G is dictated by the anomaly of the worldsheet path integral under 
the action of F/Fq (the later arises because the action of F typically involves some 
nontrivial axial transformation of the worldsheet fcrmions). 

A common application of the above concerns the vector and axial R-symmetries of 
a sigma model. Recall that two dimensional sigma models with bulk N — (2,2) super- 
symmetry admit two classes of boundary conditions preserving two supersymmetries, 
namely boundary conditions of A and S-type. Each of these types preserves a certain 
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subgroup of the R-symmetry group of the bulk theory. At classical level and in the ab- 
sence of a bulk superpotential, the bulk theory has vector and axial R-symmetry groups 
U{l)v and U{1)a, each of which can be broken to subgroups already in the bulk. For 
example, U{1)a is subject to the quantum anomaly and can also be broken classically 
(to a Z2 subgroup) by a bulk superpotential. On the other hand, U{l)v is preserved by 
homogeneous bulk supcrpotentials but is broken by inhomogeneous ones. Let us denote 
the surviving vector and axial R-symmetry subgroups of the quantum bulk theory by 
Rv and Ra- Then A-type boundary conditions preserve^ Ra while breaking Ry to 
a subgroup Ry. The B-typc boundary conditions preserve Ry, while breaking Ra to 
a subgroup R'^. Hence the boundary model has a global i?-symmetry F = x 
where F^ = Ra and Fy = Ry for A-branes, and F^ = R'^, Ty = Rv for S-branes. 
As a consequence, the space of boundary observables carries a representation of the 
Abehan group F. Define F' = F/Fq, where Fq is the trivially acting subgroup. Then 
the spaces of boundary/boundary condition changing observables carry gradings by the 
Abelian group of characters G = (F')*. Upon performing the topological twist, the A 
(respectively B) -type branes of the untwisted theory become topological D-branes of 
the A (respectively B) model. Then F acts on the space of topological observables, 
which therefore carries a grading by G. One thus finds that the corresponding open 2d 
TFT is G-graded. 

2. Graded open 2d TFTs with shifts 

In this section, we fix an Abelian group G. 
2.1 Mathematical prepcirations 

G-categories. A G-category is a triple (T, G, 7) where G is a group, T is a C-category 
and 7 is a faithful ^ G-action on T, i.e. a group monomorphism 7 : G — > Aut(T), where 
Aut(T) is the group of automorphisms of T. Given two G-categories, a G-invariant 
functor (T, G, 7) (T', G, 7') is a functor F : T ^ T such that F o ^{g) = 7' (^) o F 
for all G G. Small G-categories form a category Catc whose morphisms are given by 
G-invariant functors. 

Graded categories with shifts Given a G-graded category Q, we let Aut°(^) denote 
the group of degree zero automorphisms, i.e. those automorphisms F oi Q such that 
F(Homg(a, h)) C Homg(a, h) for all objects a, h and all g & G. 

^For the A model, Ra can also suffer a quantum boundary anomaly, so one must chose the A-type 
boundary conditions such that this anomaly vanishes. This corresponds to the vanishing Maslow index 
condition in [26]. 

^We restrict to faithful actions in order to avoid pathologies below. 
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A graded category with shifts is a quadruple 7,5) where ^ is a G-graded 

category, 7 : G — > Aut°(^) is a group monomorphism and s{g) : idg ^ ■f{g) are 
isomorphisms of functors, subject to the conditions: 

Sa{g)eRomg'{a,j{g){a)) (2.1) 

and: 

'y{g){sa{h)) o sa{g) = sa{g + h) . (2.2) 
for all a, 6 e Ob^ and g,h & G. 

We say that 7(5'), s{g) are the shifts and suspensions of ^. Naturality of s(g') reads: 

l{g) (u) o Sa{g) = Sb{g) o u (2.3) 

for all u G Homg(a,6). Combined with (2.2), this gives: 

Sa{g + h)^ StWW (9) ° Sa{h) , (2.4) 

which in turn implies Sa{e) = ida and Sa{—g) = s-y(_g)(a)(5')~^. Using these equations, 
one checks the relation: 

"^7(9) (a) 

{h) = ^{g){sa{h)) , (2.5) 

which will be useful below. 

A morphism {Q, G, 7, s) {Q', G, 7', s') of G-graded categories with shifts is a 
functor F : Q ^ Q' which preserves morphism degrees, intertwines 7(5') and 'y'{g) and 
maps Sa{g) into s^(a)(fi') and intertwines 'j{g) and 'j'{g) (the second condition means 
that F : (^,G, 7) — > (^',G, 7') is a G-invariant functor). Small G-graded categories 
with shifts form a category GrCatsc when endowed with the morphisms given by such 
functors. 

The skew category of a G-category. The graded skew category of a G-category 
{T,G,^) is the G-graded category T*[G] having the same objects as T, morphism 
spaces: 

Homr.[G](a, h) ®g^G Hom^,[Qj(a, h) (2.6) 

with : 

Hom^.[g,(a, h) Homr(a, ^{g){h)) (2.7) 
and morphism compositions given by: 

Hom:5^,[(3](6, c) x Hom^,j(5j(a, 6) 3 {v,u) — > v*u :— ^{g){v)ou e Hom:^t^Qj(a, 6) (2.8) 
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The skew category [4] T[G] of (T, G, 7) is the category obtained from by forget- 

ting the G-grading. When the action of G on ObT is free, T[G] is equivalent [4] with 
the naive quotient category of T by G. 

The fundamental property of T[G] is that objects belonging to the same G-orbit of 
T become isomorphic in TfG]. Indeed, ido e Hom'r(a, a) = Hom^f jQj(a, 7(g')(a)) and 
id^((,)(a) e Homr(7(g')(a), 7(5')(a)) ~ B.om^,^Q^{'y{g){a),a) provide mutually inverse 
isomorphisms between a and 'y{g){a). We let Sa{g) '■ a — > j{g){a) denote the morphism 
ida when viewed as an element of Hom^^j^j(a, 7((7)(a)). 

Notice that ^{g) can be viewed as degree zero automorphisms 7*((?) of T'lG], giving 
a G-category structure on the latter. The maps Sa{g) give isomorphisms of functors 
s{g) : idr[G] lig)^ which satisfy 'y{g){s{h)) o s{g) = s{gh) for all h,g E G. Thus 
(T'[G], G, 7*, s) is a graded category with shifts. 

Equivariant functors and framings. Given two G-categories, (T, G, 7) and (T', G, 7') , 
a functor F : T ^ T' is called G- equivariant if there exist isomorphisms of functors 
r]{g) : F o j{g) j'{g) o F satisfying the compatibility conditions: 

V{9i + 92) ='y{gi){v{92))ov{9i) , (2.9) 

where we use the obvious slight abuse of notation. These conditions imply that 77(0) 
is the identity endomorphism of F. Any choice of rj satisfying (2.9) will be called a 
framing of F. A framed G-equivariant endofunctor F : T ^ T' induces an endofunctor 
F* : T*[G] T"[G] given by F*[a) :— F{a) on objects and acting on morphisms as 
follows: 

u e Hom^.jg](a,6) = Homr(a, 7(5)(6)) ^ F',^{u) := rib{g)oFa^^g)(b){u) e Hom^,.jg](F(a), . 

Notice that F* preserves the degree of morphisms. 

Obviously, a G-invariant functor is G-equivariant and admits the trivial framing 
given by r]{g) — id for all g. Given an invariant functor F, we make the convention 
that F* denotes the functor induced by the trivial framing. Since G is Abclian, each 
j{g) is G-invariant and trivially framed, thus inducing the endofunctor ^*{g) of ^'[G] 
mentioned above. 

Given framed G-equivariant endofunctors {F,ri^) and {G,ri'^), their composition 
F o G is G-equivariant and admits the composite framing rj^°^{g) = V^ig) o F{rj'^{g)). 
We have [F o G)' — F* oG* when F o G is endowed with this framing. Applying this 
to G-invariant functors (which we take to be trivially framed), we find that * gives a 
functor form Gate to GrGatsc- 
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Orbit categories Given an automorphism a of T, let Ga be tlie subgroup of Aut(T) 
generated by cr, which acts tautologically on T via the inclusion G^r ^ Aut(T). We 
define the orbit category [27] of T modulo a to be the skew category % =^ T[Ga]- 
We have Ga ~ Z^, := Z/cuZ, where cu — order (we set a; = when no power of a 
equals the identity functor). Therefore, T* :— T*[Ga] is Z^^-graded via Hom^^.(a, b) — 
Homr(a, cr"(6)) for all n E Z^. An endofunctor F of T is Go--equivariant iff Foa croF, 
with strict equality when F is Gcr-invariant. 

Notice that a is Go-- invariant, thus inducing an automorphism a' of T' when 
endowed with the trivial framing. We have a* ^ idr^, in Xt, via the isomorphism 
of functors given by id^ G Isom^ij^j (a, o"(a)). Moreover, we have Hom^^.(a, = 
Hom^V(a, 6), which shows that a* is a shift functor for the Z^^-graded category T'. 
The application of orbit categories to open 2d TFTs was discussed in some detail in 
Appendix A of [23]. 

The null restriction of a graded category with shifts Given a graded cate- 
gory with shifts {Q,G,'~f,s), the non-full subcategory obtained from Q by keeping 
all objects but restricting to morphisms of trivial degree carries the G-action 7° ob- 
tained by Co-restricting 7. Hence {Q^,G,'~f^) is a G-catcgory. Given a morphism 
F : {g,G,^,s) ^ {g',G,^',s') in GrCatsc, we let : (e?°,G,7°) ^ (e?'°,G,7'°) be 
the morphism in Gate obtained by restricting the action F to morphisms of degree 
zero. This gives a functor ° : GrGatsc — > Gate- 

Relation between skew categories and graded categories with shifts The 

following result characterizes skew categories as graded categories with shifts. 

Proposition The functors * : Gate — ^ GrGatsc and ° : GrGats^ — > Gate are mutu- 
ally quasi-inverse equivalences. 

Proof. (1) Given a G-category {T,G,^), we showed above that (T*[G], G, 7*, s) is a 
G-graded category with shifts. Setting Q :— T*[G], it is clear that coincides with 
T as a G-category. Given a morphism F in Gate, it is also obvious that (F*)° = F. 
Hence the composition [(— )*]° is the identity functor of Gate- 

(2) Given a G-graded category with shifts (^,G, 7, s), consider the G-category 
(T, G, 7'^) where T := . We define a functor of graded categories $ := $g : ^ — 
T*[G] which acts trivially on objects (i.e. $(a) := a for all a G Ob^) and acts on 
morphisms as follows: 

Homg;(a, b)3u^ ®gegUg ^ab{u) ®geGSbig) °Uge Homr.[G](a, b) . 
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Here Ug E Homg(a, b), so Sh{g)oug E Homg(a, 'j(g)(b)) = Homr(a, 'j{g){b)) = Hom^.jgj(a, 
To check that $ is a functor, pick u E Homg(a, b) and v E Homg(6, c) and compute: 

^bc{v) * ^abiu) = j{g){scih) ov)o Sb{g) ou^ ^{g){sc{h)) o -f{g){v) o Sb{g) o u 
= lig) {sc{h)) o Sc{g) ovou^ Sc{g + h)ovou^ ^ac{v o u) , 

where we used (2.3) and (2.2). Since $^5 are clearly bijective, we find that $ is an 
isomorphism between Q and = (^'')'[G]. 

We now show that $ is an isomorphism of graded categories with shifts. To show 
that $ commutes with the G-actions, pick u E Homg(a, b) and compute: 

$(7-(^)(K)) = «M.)(6)(M o ^'{g){u) = ^{g){s,{h)) o Y{9){u) = 7(^)(*W) , 

where we used (2.5). Finally, we have ^{sa{gj) = s^(g)(a){-g) o Saig) = Sa{e) = id^, 
where ida is viewed as an element of Hom^^^^j (a, ■j{g) (a)) as required by the definition of 

Thus ^{sa{g)) — Sa {g) is the corresponding suspension of T*[G]. We conclude 
that $ is an isomorphism of graded categories with shifts. Given a morphism F : 
{G, G, 7, s) {Q', G, 7', s') in GrCatSG, it is easy to check the identity o F — 
(F°)* o which shows that give an isomorphism of functors idorCatsc ~^ [(~)°]*- 
The conclusion now follows by combining (1) and (2). 

The proposition allows us to reconstruct a graded category with shifts Q as the skew 
category of its null restriction Q^, thereby reducing the theory of graded categories with 
shifts to that of G-categories. Notice that the functor $g realizing this correspondence 
is determined by the suspensions of ^. In the next subsection, we show how this result 
can be used to express the data of certain graded open 2d TFTs in terms of G-categories 
with supplementary structure. 

Convention In order to simplify notation, we will often use the same symbol for the 
G-representation 7 of a G-category T and the representation 7* of its skew category 
T*[G]. Which one is meant should be clear from the context. 

2.2 G-graded open 2d TFTs with shifts 

Let G be an Abehan group as before. G-graded open 2d topological field theories can 
be described through ungraded categories provided that they admit a G-action with 
special properties. Such special theories can be described as follows. 

Definition A graded open 2d TFT with shifts is a system {Q, G, 7, s, tr , k, e) such 
that: 
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(1) {Q, G, 7, s) is a Horn-finite G-graded C-catcgory with shifts. 

(2) (^,tr) is a graded 2d open TFT of type (G, e), where k, E G and e e 
Hom(G', Z2) 

(3) The traces tr^ : Homg(a, a) — > C satisfy the equivariance conditions: 

tr.(.)(a)(7(^)W) = (-l)^(^)(^('^)+^Hr„(«) (2.10) 
for all a e Ob^, u e Homg(a, a) and g & G. 

We will see in a moment that this structure is equivalent with the one given in the 
definition below. 

Definition Let (T, G, 7) be a Hom-finite G-category and fix an element k, E G and a 
group morphism e : G — > Z2. A G-equivariant cyclic structure of type {k, e) on (T, G, 7) 
is a family of linear maps tra : Hom7-(a, 7(K)(a)) C defined for all a e ObT which 
obey the symmetry conditions: 

tra{v ou) = tri,{j{K){u) ov) Wu E Homr(a, 6) Wv e Homr(6, 7(«;)(a)) , (2.11) 

the equivariance conditions: 

trjig)iaMg){u)) = {-l)<'^^^<^^^'Hra{u) V« G Homr(a, 7(/^) (a)) (2.12) 

and the following nondegeneracy condition for all u e Hom7-(a, b): 

tra{vou)^0 V-y e Homr(6,7(A;)(a)) ^u^O . (2.13) 

We also say that (T, G, 7, tr, k, e) is an equivariant cyclic category of type (G, 7, k, e). 

Observation Let (T,G,j,tr,K,,e) be an equivariant cychc category and set S : — 
7(/t). Using the traces tr^, define linear maps (pab '■ Hom7-(a, b) Hom7-(6, S{a)y via: 
<pab{u){v) := tra{v o u). Then the pair {S, 0) is a Serre functor on T in the sense of [3]. 
Indeed, the symmetry condition (2.11) amounts to naturality of (pab in 0, and b, while 
the nondegeneracy condition (2.13) amounts to bijectivity of (pab- The traces can be 
recovered as tra = 0aa(ida). Since G is Abelian, the functor S — j{k) is G-invariant. 
On the other hand, condition (2.12) becomes: 

</'7(.)(a),7{.)(a)(id7(a)) O 7a5(a)(y) = (-l)^(^)(^('^)+^Vaa(id„) , (2.14) 

which can be viewed as an equivariance condition for (p. Hence {S, 0) is a rather special 
type of equivariant Serre functor on T. A G-equivariant cyclic category can be viewed 
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as a G-category endowed with such an equivariant Serre functor. A general discussion 
of equivariant Serre functors can be found in Appendix A. 

The following results shows that graded open 2d TFTs with shifts are equivalent 
with equivariant cyclic categories. This translates the physics formalism into a subset 
of the theory of equivariant Serre functors. 

Proposition The following data are equivalent: 

(a) A graded open 2d TFT with shifts {Q, G, 7, s, tr , k, e) 

(b) A G-equivariant cyclic category (T, G, 7, tr, k, e). 

Moreover, the relation between (a) and (b) is given by ^ = (thus T = Q'^) and 

tr ai'U') — t'>^a{u) for all u e Hom^,jg,j(a, a) — Hom^'^(a, 7(K)(a)). 

Proof. 

(1) Given the data at (a), set T = and define maps tra : Homr(a, ■j{K,){a)) C via: 

tra{u) := tr a{^~\u)) G Homr(a, 7(«;)(a)) = Hom^.[G](a, a) , (2.15) 

where ^ : Q T*[G] is the isomorphism of graded categories with shifts constructed 
in the proof of the last proposition of Subsection 2.1. 

Given u e Hom7-(a, b) — Hom^,[g,](a, b) and v e Hom7-(&, 7(/«)(a)) = Hom5-.[(5](6, a), 
we have: 

tra{v ou)^ tra{^~^{v * u)) = tra{^~^{v)^~^{u)) = trb{^-^{u)^~^{v)) 
^trb{^~\u*v)) ^tri,{^~^{-f{K){u)ov)) ^ trb{-f{K){u) o v) , 

where we used e(degM) = e(0) = 0. This shows that (2.11) is satisfied. Equation (2.12) 
follows trivially from (2.10). It is also clear that tra are nondegenerate. 

(2) Given the data at (b), set G :— T*[G] and define maps tr^ : Homg(a, a) — > C via: 

tr a{u) := tra{u) \/u G Homg(a, a) = B.omr{a,j{K,){a)) , (2-16) 

with extension by zero to other degrees. It is clear that tr<j are nondegenerate and 
satisfy the selection rule (1.2) as well as (2.10). To show (1.3), pick u G Homg(a, 6) = 
Homr(a, 7(gi)(6)) and v G Homg(6, a) = Homr(6, 7(/i)(a)) with g + h = k. Then 

tra(v *u) = tra{l{g){v) ou) = tr^(g)(b)(7(/t)(M) o 7(^)(f)) = tr^^g)(b){l{g + h){u) o 
l{g){v)) = tr^^g)^bM9){l{h){u)ov)) = (-l)<^)(<«)+i)irfe(7(/i)(«)oT;) = {-l)<9)<h)^^ ^{^u* 

v) , 
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where we used (2.11) and (2.12) and noticed that (-l)^(s)(e{«)+i) ^ (^_iY(g)eih) gj^^^ 
g + h — K imphes e{K,) = e{g) + e{h). 

Trivial examples Consider a cydic group G — :— Z/uZ (notice that we allow 
for the case s = 0, in which case G — Z) and let [1] := 7(1). Setting [n] := 7(72) = [1]", 
we have s{n) — s(l)"' where we use an obvious abuse of notation. The positive in- 
teger uj is the order of the automorphism [1] (we set ord[l] = if [1]" 7^ idg for 
all n). Thus a Z^^-graded category with shifts is simply a Z^^-graded category en- 
dowed with an automorphism [1] of order lv and a degree —1 isomorphism of functors 
s(l) : idg ^ [1]. The later induces linear isomorphisms Homg(a, 6[1]) Homg"'"^(a, 6) 
for all objects a,b. The element k e Z^^ is the common degree of the traces tra. On 
the other hand, a Z^-cyclic category is simply a category T endowed with an auto- 
morphism [1] of order uj and such that ([k],0) is a Serre functor, where the maps 
(pab '■ Homr(a, &) Homr(&, a[/«])^ correspond to cyclic nondegencratc traces subject 
to the equivariancc condition tra[i]-u[l] = (—ly'^^^^'^^'^^'^^hraiu). Thus T is a Calabi-Yau 
category of dimension k, whose shift functor has order uj and whose traces arc cquiv- 
ariant in the sense above (this refines results of [29]). The proposition above shows 
that such categories are the same thing as Z^^-graded open 2d TFTs with shifts, the 
relation in this case being given by taking the orbit category of T with respect to the 
shift functor [1]. Notice that the correct grading group of the TFT can be recovered as 
the subgroup of Aut(T) generated by [1]. Two familiar cases are s — 2 and s — 0, with 
morphism e given by id^j and mod 2 reduction respectively. The first case corresponds 
to a generic open 2d TFT, while the second describes Z-graded theories, such as those 
associated with the bounded derived category of coherent sheaves on a generic compact 
Calabi-Yau manifold. This last case was discussed in Appendix A of [23]. 



3. G-graded dG categories 

In open topological field theory, Z-graded associative categories often appear as total 
cohomology categories of differential graded (dG) categories. In this section, we extend 
this construction to the G-graded case. After a brief general discussion, we construct 
a dG category with shifts whose objects are graded integrable modules 'with extended 
grading' over a curved differential graded algebra. A particular case of this construction 
will allow us to give a description of graded D-branes in Landau-Ginzburg models which 
manifestly displays the grading by characters of the surviving group of vector and axial 
R-symmetries. 
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Let G be an Abelian group endowed with a pairing (=group morphism) ■ : GxG ^ 
Z2 and fix an element S & G. 

Definition A graded dG category of type {G, S) is a G-graded C-category V wliose 
morpliism spaces are endowed witli linear maps dab '■ Homx)(a,&) — >■ Homx>(a, 6) wliicli 
are liomogeneous of degree 6 and satisfy tlie following conditions: 

(1) dl^, = for all a,b E OhV 

(2) dac{vu) = dbc{v)u + {—iy''^^^'"vdab{u) for all liomogeneous u e Homx)(a,6) and 
V e Homx)(6, c). 

Notice that the definition makes use of the pairing • : G x G — > Z2. In the application 
to open 2d TFTs, this morphism will have the form: 

9i ■ 92 e(gi)e{g2) , (3.1) 

where e : G — * Z2 is the group morphism used in Section 1 and in the right hand side 
we use the ring multiplication of Z2. 

We define the total cohomology category H(T>) to be the G-gradcd category having 
the same objects as T> and morphism spaces given by }1ov[ih{v) (o, h) := ©gee Hom^^^^ (a, b) , 
where: 

Hom^(^)(a, h) := [ker(4b) n Homf,(a, 6)]/[4b(Homf,"''(a, h))\ . 

Given any closed morphism e Homx)(a, 6), we let e Homj^(x))(a, h) be the induced 
morphism in H{V). We also let Z(V) be the category obtained from V by keeping 
only closed morphisms. 

A twisted dG automorphism of P is a pair (F, x) such that x is a non-vanishing 
complex number and F is an automorphism of the underlying associative category, 
which satisfies the condition: 

Fab{dah{u)) ^ XdF{a)F{b){Fab{u)) (3.2) 

for all morphisms u G Hom2?(a, h). Twisted dG automorphisms form a group with the 
composition rule (F, x) ° {F' i x') = {F o F', xx') (the identity element is (idx), 1)). We 
will denote this group by Auttw(^^)- Notice that any twisted dG automorphism F of 
T> induces an automorphism F^ of H(T>) by passage to cohomology. 

Definition A dG category with shifts is a system (T>, G, 6, 7, s) such that: 

(1) V is a. graded dG category of type (G, 6) 

(2) 7 : G — > Auttw(I^) is a group monomorphism. 

(3) s{g) : idv 7(5') are closed isomorphisms of functors subject to conditions 
(2.1) and (2.2) (with g replaced with V). 
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The closure condition on s{g) means (ia,7(g)(a)('Sa(fi')) = for all a e OhV and all g & G. 
This imphes^ that Sa{g) descend to isomorphisms s^{g) in H{V). 

It is easy to see that the total cohomology category H{V) of a graded dG category 
with shifts is a graded category with shifts, whose shift functors and suspensions 7^, 
are induced from 7, s by passage to cohomology. More precisely, {H{'D),G,^^ , s^) is 
a G-graded category with shifts. 

3.1 Integrable modules over a curved differential graded algebra 

In this subsection, we discuss a class of graded dG categories which generalizes a con- 
struction considered in [20]. As we will see below, this affords a 'manifestly symmetric' 
description of the dG category of graded D-branes in Landau- Ginzburg models. 

Modules with extended grading over a graded algebra Let Gy be an Abelian 
group and B a Gy-graded associative algebra. Given another Abelian group G and a 
morphism ip : Gy — > G, a right extended- graded module of type (G, ip) over i? is a right 
S-module M endowed with a vector space decomposition: 

M = e,eGM^ , (3.3) 

such that M^B^ C M^^'^^^^ for a\\ g E G and k E Gy- Given such a module, we set 
deg(m) = g for m G M^. A decomposition (3.3) with this property will be called a 
extended graded structure of type (G, tp) on M. Given two such modules M, A^, we 
define: 

Hom^(M, N) := {/ e Homij(M, N)\f{M^) C M^+^ V/i e G} 

and Hom|'^(M, A^) := ©^gc Hom^(M, A^). This gives a G-graded category denoted 
Gr^'^. Notice that Gr^^'^'^'^^ coincides with the usual category of graded S-modules. 

Twist functors and suspensions. Given g E G, we let (g) E Aut°[Gr^'^] denote 
the twist functor by (g). This acts on objects via M{g)^ := Af'*"'"^ and takes a morphism 
u E IIom^(M, A^) into the same map u but viewed as an element of }iom^(M(g), N(g)). 
We have (g) o {h) = (^g -\- h) for all g,h E G, as well as the relation IIom^(M, N[g)) ~ 
Hom^+^(M,A^). 

Let suig) be the g-ih. suspension morphism of M, i.e. the identity morphism 
of a viewed as an element of Homg^(M, M(g')). These maps define isomorphisms of 

"^It is easy to check that the inverse of any closed and homogeneous isomorphism (p is closed and 
homogeneous of opposite degree, and induces the inverse of (j)^ on cohomology. 
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functors s{g) : idp g,^ ^ (g). Setting •y^g) := (g), it is clear that (2.2) holds. Thus 

(Gr^'^, G, 7, s) is a graded category with shifts. We let gr^'^ denote the full subcategory 
of Gr^'''' consisting of finitely-generated modules. This is again a graded category with 
shifts. 

Free extended-graded modules An extended-graded module M G Ob[Gr^'^^] will 
be called free if it admits a basis all of whose elements are G-homogeneous. In this 
case, we have a decomposition: 

M = ®sesB (3.4) 

and 

= ©,,fe:5,+v>(fc)=9e,5^ . (3.5) 

Change of grading. The collection of pairs (G, ■0) where G is a group and '■ 

Gy — > G is a group morphism forms a category A whose morphisms (G, ip) (G', 
are maps fi : G ^ G' such that jj, o tp = tp' . Given ji G HomA((G, ■?/'), {G\ip')) and 
M in Gr^''^, we let /i*(M) be the object of Gr^ defined by the decomposition 
/i*(M) = ®gi^G'fJ^*{MY , where /i*(M)^' := ©ygG';^t(<y)=<?'^^ (it is easy to check that 
the condition ^*{My'B^ C /i*(M)f'+'^'(*^) is satisfied). Notice that we set i2^{My' = 
if g' ^ /i(G). It is clear that a homogeneous morphism u G Rom^ G,i,{M,N) satis- 

fies u{ii,{My ) C ^,(M)3'+M^), and we let n,{u) G Hom^'^^j' ^' /^*(^)) be the 

Gr^ 

morphism of Gr^ obtained in this manner. Then /i* gives a functor from Gr^''^ to 
Gr^ '"^ . Given composable morphisms ii, v in A, one has (yuoz/)^ = fi^ou^,. Further, the 
identity automorphism of {G,ip) induces the identity automorphism of Gr^'^. These 
observations imply that any isomorphism : (G, ■0) — > (G', '0') of A induces an isomor- 
phism of categories : Gr^''^ — > Gr^ , so we can identify the categories of graded 
modules defined by isomorphic pairs {G,ip). 

Extensions of grading. Consider a Gy-graded algebra B, and let 5* be the asso- 
ciative algebra obtained from B by forgetting the grading. Fixing an Abelian group 
Ga, consider the category Gr^;^ of G^-graded modules over B* (where B* is viewed 
as a graded algebra concentrated in degree zero). The objects of Gr^^ are S*-modules 
M endowed with a decomposition of the form M — ©aeGA-^a into B'^-suhmodules. 
Consider a short exact sequence: 

{E) O^G^^GAGa^O (3.6) 

representing an extension class ^ G Ext2(GA, Gy). Notice that Gr^^ = Gr^'*'°\ 
where is the null morphism from Gy to Ga- Since e o // — 0, we can view e as a 
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morphism in HomA((G, ^j), (Ga, 0)). This induces a functor : Gr^'^^ — > Gr^^. Since 
e is surjective, we have e*(M) = M as vector spaces, and we set :— e*(M)° = 
®9eG:e{9)=aM3 for aU a e Ga- 

Given an object M of Gr^#, an extension of grading of M afong the exact sequence 
{E) is an extended graded module structure M — ®g^QM^ of type (G, ■0) such that 
Mq, = ©^(g-)^„Af^ for all a G i-e. such that the e*-imagc of the extended-graded 
S-module obtained in this manner recovers M . Such a structure exists iff M belongs to 
the image of the functor e* : Gr^'^-* Gr^^, in which case we say that M is gradahle 
along (E). 

Recall that extensions of Ga by Gy form a category. Given another extension 
{E') Gv G' — * Ga — ^ 0, the morphisms {E) [E') are given by maps 
II : G ^ G' such that /j, o ip = ip' and e' o /j, — e. In particular, is a morphism in 
A from {G,il^) to (G', ■0'), so it induces a functor : Gr^''^ — > Gr^ ''^ . We thus have 
a triple of functors e*, which satisfy o = e*, and is an isomorphism of 
categories when /i is an isomorphism of groups. When /i is an isomorphism, this shows 
that and e'^ can be identified consistently with the identification of Gr^''^ and Gr^ ''^ 
via It follows that extensions of grading are essentially determined by the extension 
class ^ of the sequence (E). 

Component description. Given M e Ob[Gr^^] endowed with an extension of grad- 
ing along (E), the G^-components Ma become graded S- modules via the following 
construction. Let us pick elements ga & G such that e{ga) = « for each a G Ga- Then 
the e-preimage of a consists of the elements g — ga + i^i^) with k e Gy. Defining: 

Mk._j^g„+m yaeGA eGv , (3.7) 

it is clear that M^B^ C M^+'. Thus the decomposition M„ = ®g(zG:e{g)=aM<^ = 
(BkeGv^^a gives a Gy-grading of the module Ma, and M can be viewed as direct sum 
of graded i?-modules. Given another choice of elements g'^ & G such that e{g'^) = a, 
we have g'a ~ Qa = '^{ka) for some ka G Gy, so the i?-graded module structures 
(M')^ = M^'"+^('') determined by this new choice on Ma are related to (3.7) via the 
twists: 

M'^ = Ma{ka) . (3.8) 

It follows that the Gyz-gradings on Ma are determined by the G-grading on M up to 
independent twists. We stress that the gradings on Ma depend on the choice of ga- 

Conversely, any collection {Ma)aeGA of Gy-graded modules defines an object M :— 
Q)a£GA^a of Gr^;^ which is (£')-gradable for any fixed extension (3.6). To see this, 
pick elements ga & G such that e{ga) — ol. Given g & G, set a :— e{g). Then 
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g — Qa ^ kere = im-?/', so there exists a unique k G Gy such that g = Qa + '^{k)- 
This shows that the map {k, a) G Gy x Ga — + ga ^ G is a. bijection. Defining 
:— where {k, a) = f~^{g), we can thus write the hnear subspace decomposition 
M = ®a€GA,kGGvMa as M = ®g^GM3. It is clear that the condition M^B'- C M^+' 
imphes M^B'' C M^^'^^'). Thus M endowed with this G-grading is an extended graded 
module of type {G,il)) over B, and e*(M) recovers the original object of Gr^^. If we 
pick other elements g'^ G e~^({a}), then g'^^ — g^ = i/j{ka) for some ka G Gy and we 
find that the G-grading determined by g'^ is related to that given by ga via: 

= M^-^^'^^Cs)) . (3.9) 

Hence the choice of the extension (E) determines the G-grading on M up such trans- 
formations. This discussion establishes the following: 

Proposition The following statements are equivalent for any object M of Gr^^: 

(a) M is gradable along some extension (E) of type (3.6) 

(b) M is gradable along any extension (E) of type (3.6) 

(c) Each of the S#-submodules admits a structure of graded S-module. 

In this case, the extension (E) together with the graded 5-modulc structures on Ma 
determine the G-grading on M up to transformations of the form (3.9). while (E) and 
the G- grading on M determines the Gy-gradings on Mq, up to independent twists of 
the form (3.8). 

The proposition shows that the notion of module with extended grading is essentially 
the same as a collection of graded S-modules. The gain afforded by the former language 
is that it manifestly displays the larger group G. 

Component description of free extended-graded modules Consider an extended- 
graded module of type (G.ijj) over B and fix an extension {E) as in (3.6). Also pick 
elements ga & G such that t{ga) = a for all a G Ga- Then it is easy to see that M is 
free as an extended-module iff all of the graded S-modules Ma determined by ga are 
free. We leave the details as an exercise for the reader. 

Curved differential graded algebras. Consider an Abelian group Gy endowed 
with a pairing ■ : Gy x Gy — > Z2. A G\/-graded curved differential graded algebra 
(CdGA) over C is a triple (5, 0?, c) where 5 is a Gy-graded associative algebra over C, 
c is a homogeneous element of B and d is a homogeneous derivation of B such that 
(f{h) = [c, h] for all 6 G where [hi, 62] := - {-lY^^^^-'^^^^^h2hi denotes the graded 
commutator (computed using the pairing on Gy). If c 7^ 0, then we let h G Gy denote 
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the degree of c. The Leibniz condition for the derivation d takes the form: 

d(hbi) = d(h)b2 + (-l)'''^^''>'''^^''\d(b2) . (3.10) 

Notice that we must have 2deg{d) = h unless c = or is identically zero. When c = 0, 
the pair {B, d) is a Gy-graded differential algebra (a Gy-graded differential category 
with one object). The case d = is also special. In this case, [B, 0, c) is a curved dGA 
iff c is a homogeneous central element of B, since the condition d^{h) — [c, 6] becomes 
[c, 6] = for all b E B. Then (3.10) is trivially satisfied and there are no constraints on 
the degree of c. 

Integrable modules over a curved dGA. Let us fix an Abelian group G with a 
pairing • : G x G — > Z2 and a group morphism ip : Gy G. Also fix an element 5 & G. 
A connection of degree S on M e Obfgr^'^^] is a C-linear map D : M ^ M satisfying 
the homogeneity condition: 

degD{m) = degm + S (3-11) 

and the Leibniz identity: 

D{mb) = D{m)b + {-if'^^^m ^^^^-^ _ (3_;L2) 

These relations require 5 — ip{degd) unless d = 0, in which case 5 is unconstrained. 

An integrable module of type {G,il!,S) over S is a pair M := {M,D) such that 
M is a finitely-generated right extended-graded S-module of type (G, "0) and D is a 
connection of degree S on M, subject to the condition: 

D^{m) =mc \/meM . (3.13) 

This equation requires 25 = ip{h), which is compatible with the previous constraint 

5 = ip^degd) when d ^ (since 2degd = h in that case). Notice that (3.13) constrains 

6 also for the case d = 0. 

It is easy to check that integrable modules of type {G,iIj,6) form a dG category 
DG^''^'^{B) of type {G,S), with morphism spaces given by Homj^QG,v,5(^^^(M, N) 
Hom^(M, N) and differentials defined through dMniu) ■— o u — (— l)'^''^^^"^^ o Dm 
for homogeneous u e Hom^(M, N). 

A particular case A particularly simple case arises when the differential on B van- 
ishes (thus c must be a homogeneous central element of B, and we assume c 7^ 0). In 
this case, is a homogeneous module endomorphism of M of degree 5 which satisfies 
(3.13); this requires 25 — '^{h) where h — degc. 
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The twist functors of gr^''^ induce twist functors on DG^'^'^(i?) as follows. For any 
object M = [M,D), we set M.{g) := {M{g), D{g)), where D(g) is the result of acting 
on the module endomorphism D with the twist functor of gr^'*^. We let {g) act on the 
morphisms of DGf''^'^{B) in the same way as in Gr^''^. It is easy to check that (g) are 
dG-automorphisms, making DG^''^'*(S) into a dG category of type {G,S). 

The maps smig) := sm(^) e Hom-^(M, M(^)) = Hom-^G,v.,.(5)(M, M(y)) give 
isomorphisms of functors from idj^Qcv-.s^^) to ((?). In general, these isomorphisms are 
not closed, so they cannot be used to make DG^'''^'^(-B) into a graded category with 
shifts. Indeed, they satisfy DM{g)°SM{g) = SM{g)°DM rather than the closure condition 
dmM{g){sM{g)) = DM{g) o SM{g) - (-l)'^'^SM(fi') ° Dm 0. This can be remedied in the 
following situation, which will be relevant below. 

Let us assume given an exact sequence of the form (3.6) with Ga = '^2 and consider 
the pairing on G given in (3.1). Define automorphisms ^{g) of the underlying associative 
category of DG^ ''^''^(S) via: 

7(^)(M, D) ^ {M{gl {-ir^'^<'^D{g)) (3.14) 

and: 

^Mn{g){u) -.^ u{g) Vit e Homj3(jG,v.,«(5)(M,N). (3.15) 

We have 7(5'i)7(5'2) = l{gi + g2) for all gi,g2 G G. Then '^{g) are twisted dG functors, 
namely they satisfy: 

c^7(g)(M)7(s)(N) ° 7mn(5') = x{g)lym{g) ° dmn (3.16) 

for the character x{g) = (— l)^(f)^('^) of G. On the other hand, the maps SM{g) = SM{g) 
are closed when viewed as elements of Hom'^c^.^, ^(M, 7(5()(M)), and we find that 

DGc ' ' [B) 

(DGf''^'^{B),G,6,^,s) is a dG category with shifts. Passing to the total cohomology 
category Q :— i7(DG|.'' ■' '^(fi)), we have induced automorphisms 7^(5') of G and mor- 
phisms of functors s^{g) : idg — > j^{g) of degree —g making (^, G, 7^, s^) into a graded 
category with shifts. 

Consider the dG category DG^^'^'^^^\B), where is the null morphism form Gy to 
Ga = ^2- This consists of pairs M = (M, D) with M e ObfgrJ^^] and D e EndB#(M) 
a homogeneous module endomorphism of degree e{S) satisfying = c (recall that 5* 
is concentrated in degree zero). The homogeneity condition on D means D{Ma) = 
Mo,+e{S)- The functor : Gr^''^ ^ Gr^^^ induces a dG functor : DG^''^'^(5) ^ 
j3qZ2,o,6(5)(^5)^ defined through e^M, D) = (e^M), e^(L')) on objects and e,(ii) := e^{u) 
on morphisms. An object of DG^^'°'^^'^^(S) is called gradable along [E) if it hes in the 
image of this functor. Picking elements ga & G such that e{ga) — a, consider the 
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Gy-grading of Ma defined as in the previous subsection. Then it is easy to see that 
gradabihty of M reduces to gradabihty of M (i.e. the condition that M are graded 
S-modules) and the condition that the components Da^a+e{S) ^ HomsiMa, Ma+e{s)) of 
D are Gy-homogeneous of degree 5 + Qa — ga+e{d) ■ 

4. Application to graded B-type branes in Landau-Ginzburg 

models 

In this section, we reconsider the case of graded B-type branes in Landau-Ginzburg 
models, giving a complete treatment of the vector and axial gradings. While this was 
already studied in [9, 10, 12] from various perspectives, we will see in a moment that 
the grading induced by vector and axial R-symmetries on the corresponding open 2d 
TFT is a bit subtle. The reason is that the total grading arises from a group extension 
of the axial Z2-grading by the vector Z-grading, and this extension is nontrivial when 
the degree of the bulk superpotential is odd. We will also give a complete description 
of the open 2d TFT defined by graded D-branes, as well as its precise relation with 
the triangulated category of matrix factorizations considered in [10]. Using this cor- 
respondence will allow us to extract a precise proposal for the Serre functor on the 
latter. 

Consider the B-twisted topological Landau-Ginzburg model with target and 
coordinate ring B := C[0i...0„]. The U{1) vector R-symmctry induces a Gy = 
U{1)* = Z-grading of B with deg^j = qi, where we take qi to be integral (sec Appendix 
B for the worldsheet realization). From the worldsheet perspective, this corresponds 
to a normalization in which the bulk superpotential W E B has integral degree h. We 
endow the group Gy — Z with the trivial pairing m ■ n — (this is insures that the 
graded commutator in B is the usual commutator). Then the bulk model is encoded 
by the commutative Z-graded curved dGA (S, 0, W), which has trivial differential. 

4.1 The dG category of graded D-branes 

As explained in Appendix B, the axial R-symmetry is broken by the bulk superpotential 
to a subgroup F^ fa Z2, so the surviving vector- axial R-symmetry group is F = Fy x 
Fa = U{1) X Z2. It turns out that the subgroup Fq which acts trivially on the boundary 
data depends on the parity of h. Namely, Fq is trivial for even h, while for odd h one 
finds that Fq is a Z2 subgroup. As a consequence, the faithfully acting group Fjj := F/Fq 
is given by: 

, _ r U{1) X Z2 for he2N , 
''~\ull) for/ie2N+l ' 



21 



with group of characters: 



GH = {r,) iorhe2N + i ■ ^^-^^ 

When h is odd, the vector and axial gradings on the spaces of boundary and boundary 
condition changing observables combine into a single Z-grading and thus they cannot 
be treated as independent. One has a group extension: 

O^Z^Gfe^Zs^O , (4.2) 

which is trivial only for even h. Here Gy — Z and Ga — Z2. The morphisms iph, ^-re 
given by (see Appendix B): 

/ (A;,0) for/^G2N, 
^'^^^=\2k for/.G2N + l ■ 



(4.4) 



and 

eh{k,a) = a for /i G 2N, 

eh{k) = k (mod 2) for /i e 2N + 1 

We will use the pairing (3.1) on the group Gh- 

The most general topological D-branes of the model form the the full dG category 
DGw{B^) of DG^Y^'^{B) consisting of free graded i?*-modules (recall that is 
viewed as a graded algebra concentrated in degree zero). This is the well-known dG 
category of matrix factorizations discussed in [24, 25]. 

As shown in Appendix B, 'graded topological D-branes' (i.e. those topological 
D-branes which preserve the vector R-symmetry) correspond to objects of DG w{B*) 
which are freely extended-graded along the extension (4.2). More precisely, such branes 
are described by integrable i?-modules M = [M,D) of type {GhjiphjSh), where M is 
free as an extended-graded module and: 

<5.-=deg(D) = |(^'^)^^^^^ ^"^^^'^ ' (45) 
0,. aeg[n) 1^^^ for/ie2N + l " ^^"^^ 

Notice that eh{Sh) = 1, and 2Sh = i^hih), as required. Since {B,Q,W) has trivial 
differential, D is a simply a module endomorphism of M of G^-degree 5h, which satisfies 
— W . This gives the following description, which is quite similar in spirit to that 
used in [13, 14, 16, 20] for the case of B-type branes on Calabi-Yau manifolds. We can 
take it as a mathematical definition: 



22 



The dG category of graded D-hranes defined by the LG model with bulk data {B, W) 
is the full dG subcategory DG^(i?) o/DG^'"'^'" ''{B) consisting of free extended- graded 
modules. 

Notice that this description manifestly displays the vector-axial grading group G/j. 

The total cohomology category Q := H(DG^^{B)) is the category of boundary sectors. 
The dG category DG^^{B) is a dG category with shifts of type {Gh,Sh,'~fh, Sh), where 
the twisted dG automorphisms ^h{g) ai'c defined as in (3.14) and the suspensions Sh{g) 
are as described in the previous section. These descend to automorphisms 7^ ((?) of 
Q and morphisms of functors s^(5') : idg l^{g)i making Q into a graded category 
with shifts of type {Gh,-^l,sl). Its null restriction T := = i7°(DG^(5)) is the 
triangulated category of matrix factorizations considered in [10] and [12]. 

4.2 Shift functor and distinguished twist functor 

Consider the functors := Ihigr), := Ihigr) and ph = lh{gp), where gr, gr and gp 
are given by: 

^, = (1,6) , gT = {l,i) , gp = {0,i) for/ie2N, 

gr^2 , gr^h , g^ ^ 1 for /i e 2N + 1 ^ ' ' 

We have gr = Sh, ehigr) = 6 and ehigr) = ^h{gp) = 1- Notice the relation g^ = g!^, 
which implies 

T^ = irH)' , (4.7) 
as well as the relation gr — gp + [^]gT, which gives 

Th^Pho{ThP . (4.8) 

Here [ ] denotes the integer part. Using these equations, it is easy to check that the 
subgroup of Auttw(DG^(S)) generated by Th and is isomorphic with Gh- In fact, 
the representation takes the form: 

7.(/c,a)=r,V^ = T,%'-'^ for G 2N , 
^^{k)^pl^T^T^ - for/ie2N + l 

Passing to zeroth cohomology, the functor induces the shift functor = [1] 
of the triangulated category T. It also turns out that functor induced by Th on 
T coincides with the 'distinguished' twist functor considered in [10, 12] (see the last 
subsection below). 
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4.3 Traces 

Given an object M — {M,D) of DG^{B), the free graded module M can be decom- 
posed as: 

M = ®,esB , 

where is a G-homogeneous basis of M with dege^ = Qs & G. With respect to such 
a basis, a module endomorphism u G HomB(M, M) has a matrix with entries Ust £ B 
determined by the decomposition: 

t 

This allows one to define a hnear map StrM : Hom£,Qgj^(5-)(M, M) — > 5 via: 

s 

When u is homogeneous of degree g & G,we have Ufs — unless ■0/j(degMts) = g+gs~9t- 
This implies ■0/j(deg(StrM(ti)) = g unless StrM(ti) = 0. In particular, we have StrM(ti) = 
unless €{g) —0. It is easy to check the relations: 

StrM(M^;) = (-l)^'^(deg«)^.(deg^) StT^{vu) (4.10) 

for homogeneous u e HomDQgj;(5)(N, M) and v e HomDQgj;(5)(M, N), as well as the 
relation: 

StrMig){u{g)) = StrM{u) , (4.11) 

where (g) is the twist by g. 

The category Z(DGf^{B)) is endowed with the traces of [5, 8]: 

^«<^^=f %r"tfV (''-^(Ho-o.5(M.M))) . (4.12) 

where M = (M, D) and (^D)" := diD . . . d^D. Notice that d^D e Hom|~^''^*'^(M, M), 
so deg(9D)"' = 'n5h—il^h(^^=i Qi)- The traces are easily seen to satisfy tr M(c?MM(ii)) = 
as well as 

tTMiuv) = {-lY^^'^^^''^'^^'^^^''hTn{vu) (4.13) 

for homogeneous u e Hom£,Qgj^(5)(N, M) and v e Homi3Qgj;^(5)(M, N). They also satisfy 
the selection rule: 

trM('w) = unless deg(w) = Kh , (4-14) 
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where e Gu is given by kh = n6h - ^h{YH=i Qi), i-e.: 

(|c, n mod 2) = {'-f - YTi=i Qi, n mod 2) e Z x Z2 for /i G 2N , 
hc = nh-2 J2i=i Qi^^ for /i e 2N + 1 ' 

(4.15) 

Here: 

2 " 

c = n--^gi (4.16) 

i=l 

is the conformal anomaly. To estabhsh (4.14), notice that the integral ^ '^^^^.^^" /(0i . . . 0„) 
of a homogeneous rational function of 0i . . . 0„ vanishes unless / has degree — Y17=i ^i- 
Using this observation, it follows that (4.12) vanishes for homogeneous u unless deg(StrM[(9D)" 
deg(aiW^ . . . dnWyZti Qi = rih-2 Zti Since ^;,(deg StrM[(aD)N) = Mdcg[{dD)^u]) 
when the left hand side is nonzero, we find that (4.12) vanishes unless iphidegu) = 
tphinh -2YJ'i=iqi) - iph{.(^(ig[{.dDY]) = ni(il)h{h) - 5h) - il^h{YTi=\(li) = i^h, where we 
used the relation iph{h) = 26h- 

Finally, notice that equation (4.11) implies the relation: 

trMig)u{9)^{-iy'^'hrM{u) , (4.17) 

which is equivalent with the equivariance conditions (recall the definition (3.14)) : 

tr^,(g)(M)7/.(^7)(w) = (-l)^'^(^)(^''('^'')+'HrM(ix) , (4.18) 

where we noticed that eh{n5h) = ^h{i^h) = n (mod 2). Setting g = Qt or g = gT, the 
last equation gives: 

lrrh(M){Th{u)) ^trmiu) , tr T^(M)Th{u) ^ {-l)'^^^trM{Th{u)) . (4.19) 
4.4 The graded topological field theory with shifts 

The traces (4.12) descend to the total cohomology category inducing maps which we 
denote by tr^. Assuming that tr^ are nondegenerate, the discussion above shows that 
{Q: Gh, 7f , s^, tr ^, Kh, eh) is a graded open 2d TFT with shifts in the sense of Section 
2. 

Consider the triangulated category T = of graded matrix factorizations. Wc 
let 7/f be the functor induced from 7^ by restriction to morphisms of degree zero. As 
in Section 2.2, T carries traces trj^ : Hom-r(M, 7/i(k)(M)) C induced from Q, which 
make it into a graded cyclic category. Equations (4.15) and (4.9) imply that the Serre 
functor Sh = Jhii^h) defined by this cyclic structure takes the form: 

S,.^-^''S = ^i!;"' . (4.20) 

phc ^ rphc^^ 2 ^ for /i e 2N + 1 
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As in Section 2, the graded category with shifts Q can be recovered as the skew category 
Q — T'[Gh]. Combining everything, we conclude: 



Assume that (4-12) is homologically nondegenerate, i.e. the trace tr^ induced on 



Q is nondegenerate. Then the system G/j, 7^, s^, tr ^, k/j, e/i) is a graded open 2d 

TFT with shifts and the corresponding system {T,Gh,^J^ jtr"^ , Kfi,eh) is an equivari- 
ant cyclic category. In particular, (4-20) is an equivariant Serre functor on T un- 
der this assumption, when considered together with the isomorphisms Homr(M, N) — >■ 
Homr(N, 7/i(fi;)(M))'' induced by tr^ . 



The two descriptions are related as explained in Section 2.2. Since homological 
nodegeneracy of (4.12) has not been proved in general, we can view (4.20) as a conjec- 
ture for the form of the Serre functor on T. We can test this in two particular cases 
for which the Serre functor is independently known. 

Example 1: Minimal Landau-Ginzburg models Consider a minimal model at 
the conformal point. Then one can take n — 3 and B — C[0i, 02, ^s]- The weights 
of (pi and h oiW combine in the a regular weight vector w :— {qi,q2,q3',h) with: 

3 

J2qi^h+1 . (4.21) 

i=l 

It is well-known that such weight vectors have an ADE classification, corresponding to 
the type of the surface singularity defined by W. Namely, we have 

' {l,b,l + 1 - b;l + l),b ^ 1 . . .1 for Ai {I > 1), 

(Z-2,2,Z-2;2(Z-1)) for A (^ > 4), 

w = < (4, 3, 6; 12) for Eq, 

(6, 4, 9; 18) for ^7, 

(10, 6, 15; 30) forEs. 

and the bulk superpotential can be brought to the form: 

for Ai (/ > 1), 
for A (^ > 4), 
W{x, y,z) — ■{ + + 2;^, for Eq, 

for Ej, 
for Eg . 

In all cases, the degree h of W coincides with the dual Coxeter number of the ADE 
group. Equation (4.21) reduces to the well-known formula: 



x^y + y^~^ + z^, 



xy 



X 



x'^ + y^ + z^, 



c = 3-2 



h 



2 

1-5 
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Using this in equation (4.20), we find: 

Sh = ThT^' (4.22) 

for all ADE groups. In [12], it was shown that T admits a full and strong excep- 
tional collection, giving a triangle equivalence T D^{modcQ), where CQ is the path 
algebra of the corresponding Dynkin quiver (whose orientation can be chosen arbitrar- 
ily). Moreover, it was shown in loc. cit that r^^ agrees with the Auslander-Rcitcn 
translation [21] of D^(modcQ). Thus equation (4.22) recovers the result of [28] relat- 
ing the Scire and Auslcndcr-Rcitcn functors of a Horn-finite Krull-Schmidt category. 
Also notice that (4.7) becomes the known relation between the Auslender-Rciten and 
translation functors of D^imodcq). 

Example 2: Landau-Ginzburg models of Calabi-Yau type A Landau-Ginzburg 
model is of Calahi- Yau type if: 

n 

Y^^i-h ■ (4-23) 

i=l 

In this case, in was shown in [10] that T is triangle equivalent with D^[X), where X is 
the Calabi-Yau hypersurface W = Q in WC¥^~l^^. Equation (4.23) gives: 

c — n — 2 — dim.X . 

Using this in (4.20), we find: 

= , (4.24) 

which of course is the Serre functor of a Calabi-Yau variety. 

4.5 Component description 

An equivalent though less natural description of 'DG^r{B) can be obtained by 'passing 
to components' as in Section 3.1. For completeness, let us show explicitly how this 
recovers the formulation of [10, 12]. 

As explained in Section 3.1, a graded 5-module of type {Gh,iph) can be viewed 
as a pair of graded S-modules (in our case Ga — Z2) which we denote by M+ = M5 
and M_ = Mj. According to the general construction, we have M+ = ©^^(^^^q-^^' 
M_ = ®eh{g)=i^^^ Z-gradings on M± are specified by choosing elements g± E G 

such that eh{g+) = 6 and eh{g-) — 1. Contact with [10, 12] is made by choosing g+ = 
and g- = 5h- With this choice, we have M± = ®kezM^, where M| = M^±+'^''('=) are 
given by: 




M(*='0) for /i e 2N , - 1 ^^''^^'^^ h E 2N , 

M^^ for /i e 2N + 1 ' - ~ I M2'=+'» for /i e 2N + 1 
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F 
G 



with F e Hom^(M_, M+) 



Thus M — M+©M_ and D can be decomposed as D 

and G e Hom^(M+, M_). The integrabihty condition D"^ becomes FG ^ GF ^ 
W. In this language, a homogeneous morphisms u e HomDGgr(M, N) decomposes as 

— [- 11 (- 

M+_ U 

a) When h is even, we have: 



u 



with Uap G HomB(Ma, A^^) and the homogeneity conditions become: 



al) u e HomJ5^^°^^^^(M, N) iff u±± e Hom^(M±, N±) and = 



a2) e Homjj^^i (^^(M, N) iff e Hom^^ (M±, A^^) and u±± = 0. 
b) When h is odd, we have: 

bl) u e Hom^Qgr (^^(M, N) with k even iff u±± e Homg(M±, N±) and w±qr = 

b2) u e HomDGg^(5)(M, N) with k odd iff u±^ e Hom^(M±, A^^) and u±± = 0. 
It is now clear that passing to the zeroth cohomology category T recovers the construc- 
tion of [10, 12]. 

A simple case by case analysis shows that the following relations hold for all h 
(below (1) is the usual twist functor on the category gr^ of finitely generated Z-graded 
modules over B): 





(1) rhiM,D) = iM{g,),D{g,)) with M(^,)± = M±(l), Dig,) 

Th{u) = U{gr) = 



G(l) 



and 



G 
F 



(2) r;,(M, D) = (Migr), -D^gr)) with M(^t)+ = M_, M(^t)- = M+{h), D{gT) = 



and Tfe(M) = ^(sfT) 



u++{h) 



Passing to the zeroth cohomology category T = H^(DG^^{B)), it follows that Th and 
T/i induce the twist and shift functors considered in [10] and [12]. In this description, 
we have StrM(M) = trM+(M++) -trM_(M — )■ 



5. Conclusion 

We discussed open 2d TFTs whose category of boundary sectors admits a grading 
by an arbitrary Abelian group G, giving a general result which translates between 
the physics-inspired formulation of such models and the mathematical theory of Serre 
functors. This provides a general method for constructing open 2d TFTs with extended 
grading from more traditional mathematical data. When the group G is sufficiently 
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large, this equivalence explains how non-Calabi-Yau categories arise in the general 
framework of [1, 2]. 

Using this formalism, we gave a careful discussion of grading issues for the cate- 
gory of graded D-branes in B-type topological Landau-Ginzburg models, describing its 
precise relation with the triangulated category of matrix factorizations, and made a 
specific proposal for an equivariant Serre functor on the latter. Our result shows that 
the category of boundary sectors can be recovered as the graded skew category of the 
triangulated category of [10] with respect to the Abelian group generated by the shift 
and twist functors of [10, 12]. This group depends on the parity of the bulk superpoten- 
tial and recovers the correct grading on the spaces of boundary and boundary condition 
changing observables. We also gave a description of the dG category of graded D-branes 
which manifestly displays the grading by characters of the full vector-axial R-symmetry 
preserved by such models. 

A. Equivariant Serre functors. 

Let us fix a (not necessarily Abelian) group G. Consider a G-category (T, G, 7) and 
set G* = Hom(G, C*). It is well-known that Serre functors on T can be described 
by pairs {S, tr) where S is an automorphism^ of T and tr is a family of linear maps 
tVa ■ Hom7-(a, S{a)) — > C define for all a e ObT, subject to the conditions: 

tra{vu) = trb{S{u)v) Vii e Homr(a, b) e Homr(6, S{a)) 

and: 

tra{vu) = e Homr(6, S{a)) =^ u^O . 

A Serre functor (5, tr) on T is called G-equivariant if S is G-equivariant and there 
exists a framing ri{g) : S o ^[g) ^ ^[g) o S oi S and a character % e G* which satisfy 
the conditions: 

trj{g){a)l(9)(u) = x(9)tra(l(9y\Va(9))ou) Va e ObT yu e Homr(a, {^(g)-^S^{g)){a)) 

(A.l) 

for all g & G. 

In the situation of Subsection 2.2, we have G = Abelian, S = G-invariant, 77 = id = 
trivial framing and x{9) = (— l)'^(fi')('^('^)+^) for some «; e G. 

^One can extend this to autoequivalences, but we restrict to automorphisms for simpUcity. 
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B. Worldsheet analysis of R-symmetries in LG models 

Consider the B-twisted topological Landau- Ginzburg model with target C", whose 
boundary coupling was given in [5, 6] for the simplest D-branes and constructed for 
arbitrary branes in [7, 8]. In the set-up of the latter papers, the untwisted model 
has worldsheet bosons (jf and 0* corresponding to local complex coordinates of a non- 
compact target Calabi-Yau manifold. It also has worldsheet fermions which are 
sections of (g)0*(r^'°X) and K2 (g)0*(T°'^X), as well as ipt,ipt which are sections of 
(g) (f)*{T^'°X) and O (f)*{T°'^X). Here K and K are the canonical line bundle on 
the worldsheet and the bundle of (0, 1) forms. Performing the B-twist as in [22] replaces 
V'V with a section p^. oi K ® and with a section p!_ of ^ ® f{T'^'^X). It 
also replaces with a section of (j)*{T^'^X) and with a section of the same 
bundle (l)*(T^'^X). The later combine into the new Grassmann odd fields = X* + X* 
and 9i = Gij{x'' ~X'')- Taking the bulk superpotential W to be homogeneous^ of degree 
h: 

l^({e2-^»0,}) = e2"'W({0,}) , 
the model has a vector U{1) R-symmetry which acts as: 

as well as an axial U{1) R-symmetry given by: 

^^^e^^'Vi , 4^e±2'Vi , (B.2) 

The U{1)a group is canonically parameterized by e^** with t e [0,7r], while the range 
of s depends on the parity of h. For even /i, we take s G [0,7r], while for odd h we 
take s G [0,27r]. This insures that the action of the vector R-symmetry group is a 
proper representation. Notice that for odd the U{l)v group is the double cover of 
the circle {e^"'|s G [0,7r]}; of course, the double cover is again a circle group. These 
actions translate as follows for the Grassmann-odd fields of the twisted theory: 

pi _^ ^is{2q,-h)pi ^ _^ ^-is{2q,-h) ^ q, ^ ^-is{2q,-h) ^g g^ 

for U{l)v and: 

pi^e^^Vi, , r^e+'^'r , X^^e-'''x' (B.4) 

^Due to the superspacc formulation, it is traditional to take W to formally have degree 2 by using 
the 'fractional charges' qi :— 2qi/h instead of Qi. Here we prefer to work with integral charges since 
they are directly related to the characters of J7(l). 
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for U As explained in [7, 8], a general topological D-brane of this model is described 
by a superbundle E — © E_ over the target space, together with a superconnection 
A whose super-curvature can be taken to satisfy — W. The boundary couphng 

is given by the super- Wilson loops: 



U StrPe-^C^^^ 



where C is a circle boundary of the worldsheet. The quantity A4 is given by: 



(B.5) 



+ f (FFt + G^G) \plViF + {rfViG^ 
\p\,ViG + Ir^^V^Ft i(-) + i (FtF + GG^) 



(B.6) 



where p^dTa is the pull-back of to Ca and: 



i(±) — + -rfF-. 



1 



arc connections on the bundles 8± obtained by pulling back E± to the boundary. The 
dot stands for the derivative One has M. — A-\- ^-\- where: 



and: 



A := -(/,diD , 



K:^'-{rfV-,D^ + [D,D^]+) 



A^<i>'Aj+-Fjjrj'4 



Here A = Aidcj)' + Ajdcj)' 
by the 1-form part of A, while D — 



A^~^^ +A^ Ms the direct sum connection on End(£^) induced 
F' 



G 



e End°^^(£;) is the zero-form part of A, 



which satisfies D"^ — W and plays the role of topological tachyon condensate. 

Consider the coordinate ring B — C[0i . . . 0„] of the target space C". Pass- 
ing to holomorphic sections of E, one finds [7, 8] that boundary conditions corre- 
spond to pairs M = (M, D) where M is a free finitely-generated S-supermodule 
and D G End'^'^'^(M) satisfies the constraint D"^ = W. We have a Z2-graded dG 
category DGwiB) whose objects are pairs of this form and whose morphisms are 
HomDG^^,(B)(M, N) := HomB(M, A^), endowed with the differential dM,n{u) = o 
u — (—1)1"!^ o Dm, where \u\ e Z2 denotes the Z2-degree of u. This is the dG 
category of all topological D-branes. The space of boundary observables reduces to 
//d^(HomB(M, N)). 
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The axial R-symmetry is broken by the bulk superpotential to the subgroup Ta 
Z2 whose generator corresponds to i = | in (B.4), giving the residual Z2 action: 



Tj 



-Tj 



-6' 



One finds that the boundary coupling is invariant if one takes the tachyon condensate 
to transform as: 

1 " 



where Ua = " satisfies U\ = 1. This shows that we must take the residual axial 
[O-lJ ^ 

R-symmetry to act on HomB(M, N) as u ^ UauU^^, i.e.: 

M (—!)'"'« V homogeneous u ^ B.omB{M, N) . 

Hence the Z2-grading of DGw{B) is induced by this residual symmetry. 

The connections A^^^ are f/(l)y- invariant, which amounts to the component trans- 
formation laws Al^\{e^^-"i^(f)i}) = e-2**«»AS^^({0i}) andAp^({e2"-9>0i}) = e+^'"^^ A^\{(l)i}) . 
It is easy to check that the boundary coupling is ?7(l)y-invariant provided that F and 
G satisfy: 



Jlish 



F({0,}) , G({e^-^>0,}) = G({0.}) 



Indeed, this corresponds to Uv{s)D{{e^'""'^(j)i})Uv{s) ^ = e*'''*D({0i}), where f/y(s) : = 

^ gives a representation of Then (B. 6) satisfies A4({e^**^»0i}) = C/y(s)"^A^({0i})[/y(s) 



e"^'^ 

so (B.5) is invariant. We have Fy ~ U{1) and Fy ^ [/(!)* ^ Z. 

To take the vector R-symmetry into account, we grade the ring B by associating 
weights Qi to (pi. The analysis of [9] shows that f/(l)v'- invariant boundary conditions 
correspond to those pairs M = (M, D) e ObDGiy for which M± are free graded 

F^ 

is such that F and G are homogeneous of degrees h 



S-modules and D 



G 



and respectively. We will refer to this grading as the 'vector grading'. The dG 
category of 'graded branes' is the full subcategory DGf^(S) of T)Gw{B) consisting 
of such pairs; this is the dG category of those topological D-branes whose boundary 
conditions preserve the full U{l)v symmetry. For any objects M and N of DG^, we 
have an action of U{l)v on HomB(M, N) given by: 



as well as the action of the axial Z2 symmetry: 



(B.7) 



u 



UauUT^ 



(B.8) 
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Since [Ua,Uv{s)] = 0, these combine into an action of the group F = x ~ 
U{1) X Z2. 

The morphism u e HomDQg^(5)(M, N) is 'vector homogeneous' of degree q E ii 
it satisfies: 

Uv{s)u{{e''''^^cl>i})Uv{s)-' = e2^^%({0,}) . 
With this definition, the condensate D of every object M = {M,D) of DG|^(S) is 



homogeneous of vector degree | . Writing u 
this condition amounts to: 



with Uaj3 e Homs(A4, iV^), 



degM++ = degn-- = q , degu_+ ^ ^ 2 ' ^ ^ ~ 2 ' 

Since Uap must have integral degrees, this requires q E Z ior u e Hom^ggr ^^^(M, N) 
and e Z + I for e HomJ^^gr ^-^^ (M, N). We find the decompositions: 



Hom^G-(B)(M,N) = ©^,^^.HomJ,^;51.(^)(M,N) . 



Hom°Gg.(5)(M,N) = ©,ezHomg§^(^)(M,N) 

MA 



[- il 

We have Dm e Homj^^Qgr^g^(M, M), so the differential dM,n satisfies: 



dM,N(Homl^;?i(^)(M,N))cHom^^|'j;y(M,N) . (B.9) 
When h is even, we have Z + 1 = Z and the decompositions above give a Z x Z2-grading: 

HomDG|^(B)(M, N) = ©,ez,a6Z.Homj^«;ei (s)(M, N) . 
When h is odd, we have Z + | = (|Z) \ Z and we find a |Z-grading: 
HomoG- (s) (M, N) = i^HomJ^^l^,^^^^ (M, N) , 

where HomJ^'^g. (^^(M, N) := HomJ^gL ^^^(M, N) if ? e Z and HomJ^[.g. ^^^(M, N) := 

HomJ^^L(^)(M,N) ifge(|Z)\Z. 

It is easy to see that both of these decompositions are compatible with the com- 
position of morphisms. Equation (B.9) shows that dym arc homogeneous of bidegree 
(|, i) e Z X Z2 when h is even, and of degree | € Z when h is odd. Setting: 



Z X Z2 for /i e 2N , 
Z for /i e 2N + 1 
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as in (4.1), we redefine the grading for odd h so that all degrees become integral. Thus 
we set HomDG^^(B)(M,N) = ®geGn Hom^^g. ^^^(M, N), where 



Hom^'^i (M, N) for /i e 2N and o = ik, a) e 1x1.2 , 
Hom£,^,..„(M,N) = <^ &^ . 

DG«^(B) ^ ' ^ I Homggi (M, N) for /i e 2N + 1 and = A; e Z 

(B.IO) 

With this convention, DG^,{B) is a G^-graded category. We let degi* e Gh denote the 
G/i-degree of morphisms, which is given by: 



degM 



{q, a) e Z X Z2 for /i e 2N, 
2g e Z for /i e 2N + 1 



Notice that the rcscalcd vector R-charge of u is recovered as 0/j(degti), where (ph : G ^ 
Z is the group morphism given by: 

(j)h{k,a) = k for h G 2N, 
(f)h{k) ^k for /i e 2N + 1 

The true vector R-charge (which is valued in |Z) is given by: 

( ^ i 0ft(dcgM) for h e 2N, 
^^^^ \i0/,(degM) for/ie2N+l ' 

On the other hand, the axial charge is recovered as eh{degu), where eh : Gh ^ Z2 is 
the group morphism given in (4.4). 

The above can also be described as follows. We have a decomposition: 

M^e.ezMl'^'Olee^g^+.Ml^'i] , (B.ll) 

with M[«'°1 = Ml and M'^'^l = M^^ , where M± = ^kezM^ are the decompositions of 
M± as graded S-modules. It is clear that the components satisfy M^'^'°'^B'' C M[^+*^'°^1. 
For even h, equation (B.ll) gives a Z x Z2 grading M = (Bq^i^a&2 

M[«'"], while 

for odd h it gives a ^Z-grading M = ©^gi^M^, where := M[«'°1 for g e Z and 

Afl'^l := for g G Z + |. Rescaling q for odd h such that all charges become 

integral, we find that the underlying vector space of M is G/j-graded with components 

even, and M'' := for /i odd. This rescaled grading satisfies 

M^B^ C M3+'/'''(^), where the morphism ^ph ■ ^ ^ G is given in (4.3). Hence the 
objects of DG^{B) are integrable modules over the curved differential graded algebra 
(S,0,VF), as discussed in Section 4. The grading (B.IO) on DG^(i?) is naturally 
induced by these G/i-gradings on objects. 
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Finally, we notice that the difference made by the parity of h can also be seen 
directly. The group T = Ty x = t/(f) x Z2 acts on HomDGS^(B)(M, N) by the 
product of the actions (B.7) and (B.8). This combined action is faithful for generic 
M, N when h is even, but has a Z2 kernel when h is odd (in the the latter case we have 
Uv{tt) = Ua)- Hence the 'effective' symmetry group equals C/(l) x Z2 when h is even 
and [f/(l) X Z2]/Z,2 ~ U{^) when h is odd. As a consequence, its group of characters 
equals Z x Z2 or Z respectively. Of course, this is the group Gh considered above. 
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